In an earlier paper, we considered a phenomenological action with unconventional supersymmetry. Here we consider a microscopic statistical picture which leads to exactly the same form for the action that was postulated before. We find that standard physics can be regained at low energy for fermions and gauge bosons, but that there are testable extensions of standard physics for fermions at high energy and for fundamental bosons which have not yet been observed.
Introduction
In an earlier paper [1] , the following Euclidean action was postulated:
This action has "natural supersymmetry", in the sense that the initial bosonic fields z b and fermionic fields z f are treated in exactly the same way. The only difference is that the z b are ordinary complex numbers whereas the z f are anticommuting Grassmann numbers. (In the present paper, as in Ref. 1, the term "supersymmetry" is used in the broadest sense: An action is supersymmetric if it is invariant under a transformation which converts fermions to bosons and vice-versa.) It was found in Ref.
1 that standard physics can emerge from (1.1) at energies that are far below the Planck scale, provided that specific kinds of topological defects are included in the theory. For example, one can obtain an SO(10) grand-unified theory, containing both the Standard Model and a natural mechanism for small neutrino masses [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] .
In the present paper, it will be shown that the phenomenological action (1.1) follows from a more fundamental microscopic picture. It will also be shown in more detail that (1.1) can lead to standard physics for fermions and gauge bosons at low energy. On the other hand, the theory predicts testable extensions of standard physics for fermions at high energy and for fundamental bosons which have not yet been observed.
Statistical Origin of the Bosonic Action
The starting point of the present theory is a single fundamental system which consists of N w identical "whits", with N w variable. ("Whit", whose meanings include "particle" and "least possible amount", is an appropriate name for the irreducible objects that are postulated here.) Each whit can exist in any of M w states, with the number of whits in the ith state represented by n i . A microstate of the fundamental system is specified by the number of whits and the state of each whit. A macrostate is specified by only the occupancies n i of the states.
As discussed below, D of the states are used to define D coordinates x M in Euclidean spacetime, m w of the states are used to define observable fields φ k , and the remaining (M w − m w − D) states may be regarded as corresponding to fields that are unobservable (at the energy scales considered here).
Let us begin by defining an initial set of coordinates X M in terms of the occupancies n M :
where M = 0, 1, ..., D − 1. It is convenient to include a fundamental length a 0 in this definition, so that we can later express the coordinates in conventional units. As one might expect, a 0 will eventually turn out to be comparable to the Planck length:
Notice that positive and negative coordinates correspond to different branches in (2.1). When we map the fields φ k onto the coordinates X M , two points with different coordinates will have distinct field configurations, regardless of the value of n M . We will also find that the usual properties of isotropy, invariance under general coordinate transformations, etc. are regained under ordinary conditions.
At extremely small distances, however, spacetime is discrete in the present theory, with a finite interval between two adjacent points X M and X M + δX M :
In Section 4, the X M will be divided into 4 external coordinates X µ and (D − 4) internal coordinates X m . The separation δX m between points in internal space is comparable to ℓ P . In external spacetime, on the other hand, δX µ is a very small fraction of ℓ P , and it is desirable to average over a more physically meaningful length scale. Let us therefore consider a D-dimensional rectangular box centered on a pointX, with
For the (D − 4) coordinates of internal space, a m is taken to be the original fundamental length a 0 . For the 4 coordinates of external spacetime, a µ is taken to be an arbitrary length a, and we will find that the final form of the action is independent of this parameter.
In this coarse-grained picture, the density of whits in the ith state is
where
and the values of X are those lying within the box centered onX. Let
The initial bosonic fields φ k are then real (but defined only up to a phase factor ±1). LetS X be the entropy of the single box atX for a given set of densities ρ i , as defined byS X = log W X (in units with k B =h = c = 1). Here W X is the total number of microstates in this box at fixed ρ i or
The total number of available microstates for all pointsX is W = ΠX W X , so the total entropy isS = XS X (2.10)
It follows that
where ψ (z) = d log Γ (z) /dz and ψ (n) (z) = d n+1 log Γ (z) /dz n+1 are the digamma and polygamma functions, with the asymptotic expansions [14] 
as z → ∞. For a ≫ ℓ P , we have N X >>>n µ = X µ /a 0 2 >>> 1, so it is an extremely good approximation to write
We could expressS as a Taylor series expansion about the bare vacuum with φ k X = 0 for all k andX:S
where N bare X is the value of N X when N k X = 0 for all the observable states k and ζ (z) is the Riemann zeta function. This is not physically appropriate, however, because bosonic fields exhibit extremely large zero-point fluctuations in the physical vacuum [15] .
(These are analogous to the zero-point oscillations x 2 of a harmonic oscillator, but with a very large number of modes extending up to a Planck-scale cutoff.) In fact, it is consistent with both standard physics and the treatment of this paper to assume that
Since there is no initial distinction between the states φ k , it is reasonable to perform a Taylor series expansion about the same value N vac for each k, where
if, e.g., a −1 ∼ 10 10 TeV (with ℓ −1 P = m P ∼ 10 15 TeV). It is then an extremely good approximation to use the asymptotic formulas above and writē 27) where N vac X is the value of N X when N k X = N vac for all k, and the neglected terms are of order ∆N k X /N vac n ∆N k X , n ≥ 2. It is not conventional or convenient to deal with ∆N k and (∆N k ) 2 , so let us instead writē S in terms of the fields φ k and their derivatives ∂φ k /∂x M via the following procedure: First, we can switch from the original pointsX, which are defined to be the centers of the boxes, to a new set of points X, which will be defined to be the corners of the boxes. It is easy to see thatS = S vac + X,k
where · · · in the present context indicates an average over the 2 D boxes labeled byX which have the common corner X. Second, we can write ∆N k = ∆ρ k ∆V = ( ∆ρ k + δρ k ) ∆V , with δρ k = 0:
Each of the 2 D pointsX surrounding X is displaced by ±a/2 along the x µ axes and ±a 0 /2 along the x m axes. The last term above can therefore be rewritten
where the neglected terms involve higher derivatives and higher powers of a and a 0 . Since ρ k = ρ vac + ∆ρ k , with ∆ρ k <<< ρ vac = N vac /∆V for normal fields, it is an extremely good approximation to replace ρ k by ρ vac in the above expression, and to neglect the term involving a 2 (∆V )
vac , so that we havē
As mentioned above, we will eventually find that
The philosophy behind the above treatment is simple: We essentially wish to replace f 2 by (∂f /∂x) 2 , and this can be accomplished because
The form of (2.33) also has a simple interpretation: The entropyS increases with the number of whits, but decreases when the whits are not uniformly distributed.
In the continuum limit,
The lower limit on each integral is the cutoff imposed by the size of the rectangular boxes used in the coarse-graining above: a for X µ , a 0 for X m , and a 0 for any x M . According to (2.5), the continuum limit is an extremely good approximation for the coordinates x µ of external spacetime, but only a moderately good approximation for the x m of the internal space. This implies that terms involving higher derivatives
n can be significant in the internal space.
Notice that the final form (2.38) is independent of the arbitrary length a which was used for coarse-graining in external spacetime. The fields must be rescaled as a is varied, but this is already a familiar feature in standard physics [16] .
A physical configuration of all the fields φ k (x) corresponds to a specification of all the densities ρ k (x). In the present picture, the probability of such a configuration is proportional to W = eS. In the Euclidean path integral, the probability is proportional to e −S E , where S E is the Euclidean action. We conclude that
Choosing the constant to be zero, and employing the Einstein summation convention for all repeated indices, we obtain
Let N vac = N 0 + ∆N , where N 0 is constant at a given point. As the number of whits in unobserved states varies randomly, so does
We can then write
so that (2.41) becomes
V is a random variable whose mean is zero, and it is plausible to assume that it has a Gaussian distribution. If we also assume that the number of observable real fields Φ k is even, we can group them in pairs to form complex fields Ψ b,k . (One motivation for doing so is that complex fields can have well-defined values for physical quantities like momentum, energy, and charge. In particular, a charged bosonic field is complex.) Then we finally have
where Ψ b is the vector with components Ψ b,k .
It is remarkable that a simple statistical picture leads to the bosonic action (2.45). In the next section we will see that it also leads to a supersymmetric action (3.16).
Supersymmetric Action
In the treatment of the preceding section, there are m w observable states which were used to define the observable fields Φ b,k . There are also (M w − m w − D) states that are not directly observable (at the energy scales considered here), but which can similarly be used to define a set of "hidden" fields Φ b,k . The random fluctuations of these hidden fields give rise to an effective random potential V . (Their effect is analogous to that of "hidden" molecules which randomly perturb small particles and produce Brownian motion.) The final result of the preceding section is in fact the Euclidean action
where µ is a constant and V is a random variable satisfying
which is assumed to have a Gaussian distribution. Also, the random fluctuations at different sites are independent, so
where b is a constant. If F is a physical quantity which is determined by the observable fields, its average value is given by
where · · · represents an average over the perturbing potential V . The presence of the denominator makes it difficult to perform this average, but there is a trick for removing the bosonic degrees of freedom Ψ ′ b in the denominator and replacing them with fermionic degrees of freedom Ψ f in the numerator [17] [18] [19] 
where A represents the operator of (3.2), it follows that
where Ψ b and Ψ f have been combined into Ψ,
(In (3.10), Ψ f consists of Grassmann variables Ψ f,k , just as Ψ b consists of ordinary variables Ψ b,k .) For a Gaussian random variable v whose mean is zero, the result
implies that
14)
To make the expression for F independent of how the measure is defined in the path integral, we can rewrite (3.15) as
Notice that the fermionic variables Ψ f represent true degrees of freedom, and that they originate from the bosonic variables Ψ 
Canonical Quantization in Lorentzian Spacetime
The treatment in the preceding sections involves classical commuting and anticommuting fields Ψ b and Ψ f . It originated as a statistical treatment, but can now be reinterpreted as a quantum description, with a Euclidean path integral Z. For a simple action like (3.16), one can replace path-integral quantization by canonical quantization, or vice-versa [20] , using arguments that are similar to those for a single particle. To avoid confusion, let us initially use a caret to distinguish operatorsΨ,Ŝ, etc. from classical quantities.
The coordinates of the preceding sections correspond to Euclidean spacetime, but we can transform to Lorentzian spacetime by performing an inverse Wick rotation in the complex x 0 plane:
The physical content of the theory is invariant under the transformation (4.1), which merely changes the mathematical description, since the original physical content (in Section 2) consists only of densities with the form ρ = Ψ † Ψ. Suppose, for example, that the fields χ and χ † in the Euclidean description satisfy the equations of motion
with p 2 0 = p k p k and k = 1, 2, 3. I.e., χ † is not the Hermitian conjugate of χ, and these functions are exponentially decreasing or increasing in Euclidean time.
After the rotation (4.1), on the other hand, one has the equations of motion
where η µν = diag(−1, 1, 1, 1) is the Minkowski metric tensor. This yields the plane-wave solutions
The mathematical quantities χ and χ † are thus changed, but the physically-meaningful density
is invariant under the transformation (4.1). It is normally more convenient to use a description in which fields are described by waves, and in which χ † is ordinarily the Hermitian conjugate of χ. I.e., it is normally more convenient to use a Lorentzian picture in treating physical fields. To avoid confusion, we can initially distinguish Lorentzian quantities with the subscript L.
After the change from path-integral to canonical quantization, and the transformation from Euclidean to Lorentzian spacetime (with S L = iS), the action (3.16) becomeŝ
with η M N = diag(−1, 1, ..., 1). At this point, however, the notation becomes rather awkward, so let us now introduce the change of notation
with the understanding that all such quantities in the remainder of the paper are quantized operators in Lorentzian spacetime. It is then also understood that raising and lowering of indices is done with the Minkowski metric tensor:
Later in this paper we will introduce the metric tensor associated with gravity and general coordinate transformations. To avoid confusion, this metric tensor g µν will always be shown explicitly, and simple raising and lowering of indices will always have the interpretation (4.9).
With the above change of notation, (4.7) has essentially the same appearance as (3.16), or after an integration by parts
The resulting equation of motion is
where · · · vac now represents a vacuum expectation value, and
For the remainder of this section, we will consider either the vacuum or a noninteracting free field in the vacuum. We then have
It will be assumed that the physical vacuum contains a condensate whose order parameter
has the form
(As discussed in the next section, Ψ cond is dominantly due to a GUT field that condenses in the very early universe. In the present theory, it is not static, but instead exhibits rotations in space and time that are described by U.) It will also be assumed that the order parameter can be written in the form
where η ext and η int are constant vectors, and the quantities in the lower equation can depend on x µ as well as x m . Let us define external and internal "superfluid velocities" by
The fact that U is unitary implies that
In this section we will assume that
in which case there are separate equations of motion for external and internal spacetime:
with µ int = µ−µ ext . The quantities V vac , µ int , and Ψ int are allowed to have a slow parametric dependence on x µ , as long as ∂ µ ∂ µ Ψ int is negligible. When (4.18), (4.21), and (4.25) are used in (4.26), we obtain
and its Hermitian conjugate
Subtraction gives the equation of continuity
and addition gives the Bernoulli equation
In the present theory, the order parameter in external spacetime, Ψ ext , has the symmetry group U(1) × SU(2). The "superfluid velocity" in external spacetme, v µ , can then be written in terms of the identity matrix σ 0 and Pauli matrices σ a :
It is assumed that the basic texture of the order parameter is such that
to a good approximation, yielding the simplification
and let Ψ a represent either the bosonic field ∆Ψ b or the fermionic field Ψ f . If we start with the case of a free field, which interacts only with the condensate and other vacuum fields, (4.10) gives
Since Ψ a satisfies a linear equation involving a Hermitian operator, it can be written in the form
with a summation implied over repeated indices, as usual. The ψ r a are field operators and the ψ int r are a complete set of basis functions in the internal space, which are required to be orthonormal,
and to satisfy the internal equation of motion are allowed to have a slow parametric dependence on x µ , as long as ∂ µ ∂ µ ψ int r is negligible.) As usual, only the zero modes with ε r = 0 will be kept, since the higher energies involve nodes in the internal space and are comparable to m P . When (4.39)-(4.41) are used in (4.38), the result is
where ψ a is the vector with components ψ r a . Let ψ a be rewritten in the form
(The 2 × 2 matrix U ext multiplies each of the 2-component operators ψ r a .) Here ψ a has a simple interpretation: It is the field seen by an observer in the frame of reference that is moving with the condensate. In the present theory, the GUT condensate Ψ cond forms in the very early universe, and the other bosonic and fermionic fields Ψ a are subsequently born into it. It is therefore natural to view them from the perspective of the condensate. Equation (4.43) is, in fact, exactly analogous to rewriting the wavefunction of a particle in an ordinary superfluid moving with velocity v s : ψ ′ p (x) = exp (iv s x) ψ p (x) . Here ψ p and ψ ′ p are the wavefunctions before and after a Galilean boost to the superfluid's frame of reference.
When (4.43) is substituted into (4.42), the result is
If n s and v µ are slowly varying, so that P ext and ∂ µ v µ can be neglected, (4.36) yields the simplification
In the present theory, the gravitational vierbein is interpreted as the "superfluid velocity" associated with the GUT condensate Ψ cond :
Bosonic fields are conventionally represented as dimension 1 (rather than dimension 3/2) operators, so let us define
Then the action for a free bosonic field is
for a plane-wave state φ b ∝ exp (ip µ x µ ). The usual form of the action for a massless and noninteracting bosonic field is thus regained at high energy.
For a free fermionic field, on the other hand, the action is
so the usual form of the action for a massless and noninteracting fermionic field is regained at low energy. To be more specific, the standard fermionic action is regained when
with m ∼ m P .
Origin of Gauge Fields
Let us now relax assumption (4.25) and allow U int to vary with the external coordinates x µ . It is convenient to write
andΨ int still satisfies the internal equation of motion
This is a nonlinear equation because V vac is largely determined by n int . The internal basis functions satisfy (4.41) with ε r = 0:
This is a linear equation because V vac (x m ) is now regarded as a known function. If the vacuum of the internal space had a trivial topology, the solutions to (5.2) and (5.3) would be trivial, and the resulting universe would presumably not support nontrivial structures such as intelligent life. The path integral of (3.19), however, contains all configurations of the fields, including those with nontrivial topologies. In the present theory, the "geography" of the universe inhabited by human beings involves an internal instanton in
dimensions which is analogous to a U(1) vortex in 2 dimensions or an SU(2) instanton in 4 Euclidean dimensions. The standard features of four-dimensional physics -including gauge symmetries and chiral fermions -arise from the presence of this instanton. In the following, it is not necessary to have a detailed knowledge of the internal instanton. The only property required is a d-dimensional spherical symmetry for the internal condensate, and, as a result, for the functions ψ To be specific, it is required that
is a Killing vector associated with the spherical symmetry of the internal metric tensor g mn defined below. At a given point, the derivatives of (5.7) involve only the (d − 1) angular coordinates, and not the radial coordinate r, so (5.6) states that n int and the ψ int r are functions only of r.
Although a detailed description is not necessary, it is worthwhile to consider a concrete example, in which V vac = bn ext n int + V 0 and V 0 is a constant. For clarity, we can start with a picture in which the instanton occupies an unbounded volume, and then move to a physically more acceptable description in which it is confined to a finite region r < r 0 . The finite instanton has finite action, and can be viewed as a "spinning" ball of condensate. The corresponding order parameter has a node at r = r 0 , from which the condensate rises to become fully formed at large r. The region r < r 0 corresponds to our physical universe, and the region r > r 0 is unobservable.
The same arguments that led to the external Bernoulli equation (4.31) also yield an internal Bernoulli equation
In our example, it is assumed that the instanton has the symmetry of a (d − 1)-sphere, with
Then (5.8) can be rewritten as
where ρ = r/ξ int and f = n
It is easy to show that (5.15) holds for a minimal vortex in two dimensions or a minimal SU(2) instanton in four dimensions. Since the volume element is proportional to ρ d−1 dρ and 1 − f 2 is proportional to ρ −2 as ρ → ∞, the above solution has infinite action. However, we can obtain a solution with finite action by requiring that
so that the instanton is confined to the region inside a radius ρ 0 which is determined by the boundary conditions below. Then (5.11) is replaced by
R is required to satisfy (5.19) with the boundary condition R → 0+ as ρ → 0.R is required to satisfy (5.20) with the boundary conditionR → − (µ/bn A ) 1/2 as r → ∞ (and with ∂Ψ B /∂r continuous at ρ = ρ 0 ). In the following, we will be concerned only with the physical region ρ < ρ 0 , and the integrals are over only this region; e.g.,
The above treatment assumes that the second-order equations (5.19) and (5.20) are exact. Recall, however, the comment below (2.39): In the internal space, the continuum approximation is not extremely good, and as a result higher derivatives can be significant. For an nth order differential equation, we have the freedom to impose n boundary conditions. This fact makes it possible to satisfy (5.19)-(5.20) for various values of ρ 0 , so that the volume V int of the internal space is largely arbitrary. As in other Kaluza-Klein theories, V int determines the strength of gravitational and gauge interactions, so the arbitrariness of V int has obvious anthropic implications.
The vierbein e µ α of external spacetime was defined in (4.46). It is convenient to define the remaining components of the vielbein in a slightly different way, by representing mv M in terms of a set of matrices σ A , and g mn = e mc e nc (5.25) which are respectively associated with external spacetime and the internal space. More generally, however, mv µ contains a contribution
so that e µc is nonzero and the metric tensor has off-diagonal components 27) In the present theory, just as in classic Kaluza-Klein theories, it is appropriate to write
or, for later convenience, The Killing vectors have an algebra
so the same is true of the matrices t rs i :
With the more general version of (4.39) and (4.43),
we have
where (4.40), (4.41), (5.29) , and (5.34) have been used. The action (4.38) then becomes
after (4.35) is used, where 
This is in fact the generalization of (4.45) when the "internal order parameter" is permitted to vary as a function of the external coordinates In this case (5.43) can be rewritten as
(The tilde is a reminder that the above form is not general, and that g µν is not a dynamical quantity.) In a locally inertial coordinate system with e µ α = δ µ α , this becomes
where the bar has been removed from ψ a for simplicity, so the fermionic and bosonic actions are respectively
where now
Again, one regains the usual bosonic action at high energy,
and the usual fermionic action at low energy,
where the expressions now include gauge couplings and are written in a locally inertial coordinate system. Recall that the initial gauge group is the same as the group of rotations in the internal space -e.g., SO(10) for d = 10. The generators t i correspond to a reducible representation of this group, composed of some set of irreducible representations that are left unspecified in the present paper, although it is clear that one can place the three generations of Standard Model fermions in three spinorial 16 representations. Each field will necessarily have a superpartner with the same quantum numbers, just as in standard supersymmetry [21] . We leave the phenomenology of these fields for future work.
Notice that the deviations from standard physics in (5.49) and (5.50) are predicted only for (i) fermions at very high energy and (ii) fundamental bosons which have not yet been observed. Notice also that the present theory preserves both gauge invariance and many features of Lorentz invariance, including rotational invariance and the requirement that all massless particles travel with the same speed c = 1 in a locally inertial coordinate system. (This last feature follows from (6.8)- (6.11) .) It appears that the present theory is in agreement with even the most sensitive tests of Lorentz invariance that are currently available [23] . Furthermore, issues like causality, unitarity, and logical consistency can ultimately be resolved by returning to (1.1), which has a Lorentz-invariant form in the original coordinate system.
Consistency of Canonical Quantization
As usual, let
Other conserved quantities will also have their usual forms, because they also involve products like π ψψ or π ψ ψ: According to Noether's theorem, a conserved current has the form [16] 
so that j 0 = π ψ ∆ψ. We can also verify that retarded and causal propagators have their usual forms
where χ represents ψ orm 1/2 φ, and T is the usual time-ordering operator. The Lagrangian density, equation of motion, momentum density, and commutation relation can be written as
± vac (6.58) Since there are limits to what can be accomplished in a single paper, we have not considered many important topics, including supersymmetry breaking, the origin of mass terms, a detailed phenomenology, the detailed consequences of Lorentz violation, and the origin of the curvature and action for the gravitational and gauge fields. As pointed out in Ref. 1 , within the present theory these last two quantities must result from topological defects. This rather substantial problem will be addressed elsewhere.
Conclusion
Let us now summarize some of the results of the preceding sections.
The starting point of the present theory is a single fundamental system which consists of identical irreducible objects. Each of these objects can exist in any of a set of available states. Some of these states are used to define the coordinates x M of D-dimensional spacetime, through (2.1) and (2.39). Other states are used to define observable bosonic fields φ k , through (2.8). A simple statistical argument then leads to the bosonic action (2.45), with an effective random fluctuating potential V which results from a third set of states that are unobservable. The effects of V are removed by introducing a set of fermionic fields Ψ f , after which we have exactly the same supersymmetic action (3.16) that was postulated in Ref. 1 .
The form of this action implies that a GUT-scale condensate (4.14) forms in the very early universe. It is assumed that two topological defects are "frozen into" this condensate as it forms: a cosmological instanton, which results in U(1)×SU(2) rotations of the external order parameter Ψ ext , and an internal instanton, which results in rotations of the internal order parameter Ψ int . Since the other fermionic and bosonic fields are born into this primordial condensate, it is natural to transform them to the frame of reference that rotates with it. In external spacetime, this leads to an action for fermions which is Lorentz-invariant at low energy (compared to an energy scalem which is presumably well above 1 TeV). The action for the initial fundamental bosons is exactly the same as that for fermions, and is therefore quite unconventional.
Both fermions and bosons are found to have standard couplings to the gauge fields of an SO(d) theory, where d is the dimension of the space containing the internal instanton. With d = 10, we obtain an SO(10) grand-unified theory, which naturally leads to neutrino masses, coupling-constant unification, etc. It was also shown that the fermionic and bosonic fields can be quantized with either a path-integral or canonical description, even though their equations of motion are unconventional.
In this paper we did not attempt to develop a detailed phenomenological picture. However, the forms (5.49) and (5.50) imply that there are testable extensions of standard physics for fermions at high energy and for fundamental bosons which have not yet been observed.
